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Abstract. For a normal subvariety V of C" with a good C*-action we give 
a simple characterization for when it has only log canonical, log terminal or 
rational singularities. Moreover we are able to give formulas for the plurigenera 
of isolated singular points of such varieties and of the logarithmic Kodaira 
dimension of y\{0}. For this purpose we introduce sheaves of m-canonical 
and L^'™ -canonical forms on normal complex spaces. For the case of afhne 
varieties with good C*-action we give an explicit formula for these sheaves in 
terms of the grading of the dualizing sheaf and its tensor powers. 
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Introduction 

Let X be a normal complex space and D a reduced Weil divisor on X. In this 
paper we will associate to the pair (X, Z?) two sheaves C^x d '^x"d' which we 
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call the sheaves of logarithmic m-, resp. L^-m-canonical forms. The construction 
is in brief as follows: let tt : X' — > X be a resolution of singularities such that 
D' := ■K~^{D U SingX)i.cd is an SNC (=simple normal crossing) divisor. The 
sheaves 

m,D-^^*{Ox'{m{Kx'+D'))) and €"£1, -.^ ^^{Ox'{mKx' + {m - l)D')) 

are then independent of the choice of resolution. For instance, the L^-m-canonical 
forms are just those m-canonical forms on X\{D U SingX) that are locally at 
the points of I? U SingX, see The sheaf :— C^xo previously studied 
in the paper of Grauert-Riemenschneider (it is called there the canonical sheaf 
of X). 

A motivation to study these sheaves is that they allow simple characterizations 
for when a singularity is rational, log terminal or log canonical. As an example, by a 
result of Kempf a normal complex algebraic variety X has rational singularities 
if and only if it is Cohen-Macaulay and satisfies = Ox{Kx)- In analogy 
with this result we will show: if (X, x) is a normal complex singularity and D is a 
reduced Weil divisor with Kx + D being Q-Cartier, then (X, D) has a log canonical 
singularity at x if and only if the stalks j-,)x and Ox{iti(Kx + D))^ are equal 
for all TO > 1. In the case when D ^ a similar characterization holds for log 



terminal singularities, see 1.17 



The main application of these log canonical sheaves is to the case of affine va- 
rieties V = Spec A for which the coordinate ring A = ® j>o A^ is a non-negatively 
graded C-algebra. Let D C y be a reduced Weil divisor and assume for simplicity 
that D is given by an equation P — 0, where P is homogeneous of degree d. The 
modules of sections 

Ll^:=H"iV,Cv.D) and := (V, C'y"^) 

as well as the reflexive hull a;|^"' of the m-th tensor power of the dualizing module 
LUA then carry natural gradings. We will show: ifV* :— V\V{Ajf.) is smooth and 
D nV* is an SNC divisor then 

rm I \m\\ i jl.m i [m] \ 

-^A,D = )>""i and Lj^ j^ = (cj^ j>(m-i)<i ; 



see 2.15 for a more general statement. This implies for instance that (V, I?) has log 
canonical singularities if and only if u}^^ has no elements of degree < m d. Si milar 



characterizations hold for the properties log terminal and rational, see 2.16 , For 
the latter case this is a result of [^| and |]l9| . 

As another application we obtain formulas for the plurigenera of the singularities 
of V ^ where V is as above. For instance, the plurigenus 8m introduced in |^ is 
given by 

(5m(X,p) = dime (t^|^"')<o, 



see 2.22. Applying this to complete intersections we recover a result of Morales |15[ . 
A final application concerns the logarithmic plurigenera and the Kodaira dimension 
of V\D. With the assumptions on (y, D) as above, assume moreover that = C 
so that the C*-action corresponding to the grading is good. Then the logarithmic 



plurigenus pm(y\D) is given by the dimension of w^j, see |2.26 
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The paper is organized as follows. In Section 1 we introduce the sheaves of log 
canonical forms and study their basic properties. In particular we show the char- 
acterization of log canonical and log terminal singularities in terms of log canonical 
forms mentioned above. 

Sections 2.2-2.5 contain the applications to affine varieties with C*-action as 
described above In Section 2.1 we provide some material concerning equivariant 
completions and weighted blowups of quasihomogeneous affine varieties. 

In this paper we work in the category of complex spaces and varieties over C. 
However, the principal results remain valid for algebraic varieties over any field of 
characteristic zero. 



1. Logarithmic m-CANONicAL forms on singular spaces 

1.1. Logarithmic m-canonical forms on smooth varieties. 

Notation 1.1. Let X be a complex manifold and D C X a divisor with simple 
normal crossings (SNC in brief). Consider the sheaf of logarithmic m-canonical 
forms 

l^x.D ■■=Ox{mKx+mD) 
and the sheaf of logarithmic L^-m-canonical forms 

C^£j, := OximKx + (m - l)D) = C^^d{-D) . 

If xi, . . . , x„ are local coordinates around a point, say, p £ X with D = {xi ■ ...■Xk — 
0}, then near p the Ox-module £™ is generated by 

dxi dxk 

A • • • A A dxk+i A • • • A dxr 

Xl Xk 

whereas the sheaf jOx"d generated hy xi ■ ... ■ Xk ■ uJm. As explained in Thm. 
2.1], the forms in H'^{X,C^"^) are just the meromorphic to— canonical forms on 
X\D which locally at the points of D belong to L^/™. 

If D = is the zero divisor, we write Cx and instead of C^x d-> resp. C'^^j^. 

1.2. Let -K : Y ^ X he a, morphism of complex manifolds of the same dimension 
such that TT^^ (_D)i.ed is contained in an SNC divisor E on Y . Pulling back differential 
forms induces natural homomorphisms 

""m • '-X.D ~^ '~'Y,E ^^Cl T^2,m ■ '-X,D ~^ '-'Y,E 

(see §ll.l.c] for the case of vrj^; the case of ttj ^ is similarly). They are injective, 
if TT is dominant Prop. 11.2]. 

For later purposes we need the following simple observation. 

Lemma 1.3. Let tt : Y ^ X be a proper surjective morphism of complex manifolds 
of the same dimension, and let D C X be an SNC divisor such that E = iT~^{D)rcd 
is also an SNC divisor. For a section rj G H°{X\D, w®™) the following hold: 

and 
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Proof. The implication was already observed before. To show assume 
that TT*r] G H°{Y, jC-ye)- Clearly, is a holomorphic section of d locally 
holomorphic outside an analytic subset of X of codimension 2. Hence we may 
assume that vr is finite and that there are local coordinates xi, . . . ,a;„ on X, resp. 
2/1, . . . , j/„ onY such that D is given locally by xi = and n is given locally by 

TT : (2/1,2/2, ■■•,?/«) I — > (2/1,2/2, ••■ ,yn) 

for some A: € N. The differential form lu — A dx2 A ■ ■ ■ A dxn is then a lo- 
cal generator of the invertible sheaf Ox {Kx + D) and so oj*^™ generates jj . 
Moreover, 

7r*(t^®") = (fc^ A dy2 A • • • A d2/„)«" 
2/1 

locally generates /I^^^,, and 7r*(x5'w®™) = yf'=7r*(w®™) is a local section of Cy'^ if 
and only if a > 1. This easily implies both statements of the lemma. □ 

Applying |l.3| to local sections yields the following corollary (cf. H, Thm. 11.1], 
^ Thm. 1.1]). 

Corollary 1.4. For a bimeromorphic proper morphism tt : Y ^ X of complex 
manifolds and D, E as above we have 



1.2. Logarithmic m-canonical forms on singular varieties. In virtue of 1.4 



the definition of the sheaves Cx u and C^"^ can be extended as follows. 

Definition 1.5. Consider a normal complex space X and a closed analytic subset 
D C X. Let a : X' ^ X he a, resolution of singularities such that D' :— a~^{D U 
Sing X) rod is an SNC divisor. We call 

— cr*(^XM)') and cr*(£^'"^,) 

the sheaf of logarithmic -canonical forms, resp. logarithmic L^ ™^ -canonical forms 
on X. 



Because of 1.4 and by standard arguments, this is independent of the choice of 

2,m 



resolution of singularities. As before, if 13 = then we write in brief £^ and C-^ 
instead of ^ and >Cx"d , respectively. 

Remark 1.6. Clearly, D C Di implies that 

l-XM ^ '~'X,Di ana '-XM — '-XMx ■ 

In most of our considerations D will be a Weil divisor. This is justified by the 
following lemma. 



Lemma 1.7. With X, D as in (Lt) let divD denote the (reduced) union of all 



divisorial components of D. Then the following hold. 

(^\ rm _ rm J ^2,m _ ^2,m 

yd,) t-x,D — '-X.AWD '-X.D — '-X.dnD ■ 

(b) There are natural inclusions 



C-x.D ^ Ox {m{Kx + divD)) and /I^™ C Ox [mKx + (m - l)divi:i) 
with equality outside the set Sing AT U SingdivZ?. 
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Proof, (a) We confine ourselves to the proof of the first equality, the proof of the 



second one being similarly. By 1.6 we have >C™ ^^^jj C £^ ^. To show the converse 
inclusion, let tt : X' ^ X be a resolution of singularities such that A' := 7r~"'^(divDU 
Sing X) rod and D' := 7r^^(Z? U Sing X) red are SNC divisors on X'. Let 77 be a local 
section of £x_d ^ neighbourhood, say, [/ of a point p ^ X. Its restriction to 
U\{D USingX) is a holomorphic section of w®™ and so extends holomorphically to 
an m-forni on U\{divD U SingX). Thus TT*{ri) has no poles along the components 
of D'\A', so is a section of Ox'{'m{Kx' + A')), whence 77 is a section of ^xdivD' 
as required. 

In order to show (b), in view of (a), we may assume that _D is a reduced divisor. 
The sheaves Cxd ^^'^ (™(-^x + D)) are then equal outside the set B := 
SingX U SingZ?. As the latter sheaf is reflexive and codimi? > 2 this implies that 

C'JI^d'^Ox {m{Kx+divD)). 

The same argument also gives the second inclusion in (b). □ 

Remark 1.8. More generally one can introduce m- and £^'™-canonical forms for 
any effective Q-divisor D — J2 O'iDi with < < 1 [|. Again, the definition is 
given in two steps. If X is a manifold and I?rcd := is an SNC divisor, we set 

^x,D Ox{mKx + \mD\) and C^d ■= Ox{mKx + [{m - 1)D\). 

As ai < 1, with the same arguments as above the construction is functorial under 
generically finite maps of manifolds of the same dimension. 

In the case of a normal variety X we choose a resolution of singularities a : X' ^ 
X such that (t^^(I? U SingX)rcd is a simple normal crossing divisor. Let D' denote 
the divisor ZJP'' + where Ei are the exceptional divisors and D^^ denotes the 



proper transform of D. Now one can introduce as in 1.5 the sheaves 



'~X,D '■— '^*\'~X' ,D' ) ^^"^ '-X.D '^*\'~'X' ,D' )■ 

As before one can show that this definition does not depend on the choice of the 
resolution. 

The following proposition indicates certain functorial properties of L™- and i^'™- 
canonical forms (cf. ^, Prop. 11.3]). 

Proposition 1.9. Let n : Y X be a generically finite morphism of normal 
connected complex spaces of the same dimension. Let D C X be an analytic subset, 
and assume that E C Y is an analytic subset with divE = div7r^^(_D U SingX). 
Then the following hold. 

(a) There are natural injections 

'~x,D ~* ''^*\'~Y,E> ana '-x.d ^ '^*\'~y.e> ■ 

(b) // moreover tt is proper, then for a form rj G H'^{X\D, Ox{m,Kx)) we have 

r] e H°{X, CJ^jj) ^ n*^ e H"{Y, C^^) and 

77 e ^ n*^eH"{Y,4;^). 

(c) // TT is proper and birational, then 

'-x.D — ^*\'~'Y,E> ana '-x,d ~ ^*\'-'y,e) ■ 



'In iQ such a divisor is called a subboundary. 
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Proof. Because of 1.7 we may assume that E — Tr^^{D U SingX). As before we 
consider only the case of £'"-forms, the case of £^''"-forms being similarly. Consider 
resolutions of singularities Y' ~> Y and X' — > X that fit into a diagram 



Y' 



Y 



X' 



X 



and such that 
E' 



q-\EUSmgY),,d and D' := p-^D U Sing X)red 
are SNC divisors in Y' resp. X'. As tt'^^{D') is contained in E' the morphism tt' 
induces an injection Cx',d' ^ '^'*{^y',e') (^^^ Applying gives the desired 
injection in (a). 

(c) is an immediate consequence of (b). To deduce (b), note first that 7r(Sing Y) C 
X is a closed analytic subset of codimension at least 2. By |l.7| the sheaves jC^ q 
and Cx Di equal, where Di := DU7r(SingF). Moreover Singy is contained in 
El TT~^{Di) and Cys — ^yEi- Hence it is sufficient to prove (b) for Di instead 
of D. In other words, we may assume that E contains SingF. 

Let now q : Y' ^ Y and p : X' X he resolutions of singularities as above. By 

0| 

p*v e H\x\ CJl,^^,) ^ {n'pTij e h"{y', C^,^^,). 

As by definition p^{CJl, jy,) = C^ j^ and q^C'p, ^,) = C^^ . (b) follows. □ 

For our purposes it is useful to introduce certain sheaves that are invariants of 
the singularities. 



Notation 1.10. Let A, D be as in 1.5 

quotient sheaves 

Ax,D := Ox {m{Kx + AwD))/CId 

and 



Because of 1.7 (b) we may form the 



^x.D ■■= Ox [mKx + (m - \)diYD)/C 



2,m 
X,D ■ 



Note that by |17| (a) A™^ = A^^^^^^ and A™^ = A^^^^^^. Moreover, by |17| (b) 
these sheaves are concentrated on Sing X U Sing divZ?. As before, in the case D — ^ 
we write in brief A^ and instead of Ax £>, resp. A^ ^. 

Later on we will need the following fact. 

Lemma 1.11. For analytic subsets Di C D2 of X the natural maps 

A^Di — ' ^x.,D2 o-'^d I^x.D, — ' ^X,D2 

are injective. 

Proof. We restrict to the proof of the first inclusion the other one being similarly. 



By 1.7 (a) we may assume that Di and D2 are reduced divisors. We need to show 
that 



C 



X,Di 



C"lo,^Ox{m{Kx+Di)). 



The inclusion 'C' follows from 
TT : A' ^ A be a resolution of singularities such that D[ 



i.t and 1.7 (b). To show the converse inclusion, let 

7r-i(AUSingA)red, 
i = 1,2, are SNC divisors. If 77 is a section of Cx H Ox{'m{Kx + Di)) defined 

over some open subset C/ of A, then TT*{ri) is a form in that has at most 
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logarithmic poles along the irreducible components of is holoniorphic along 

the components of the proper transform of D2 — -Di- Hence TT*{ri) is a section of 
Ox' im{Kx' + D[)) so that 77 G H"(C/, C^^^J, as required. □ 

In the next proposition we describe the behavior of L™- and L^'^-canonical 
forms and the sheaves A"* and A™ under taking Cartesian products. 

Proposition 1.12. Let Xi, X2 be normal complex spaces, let Di C Xi, i ~ 1,2, be 
closed analytic subsets and let D denote the closed analytic subset Xi x D2UD1 x X2 
of the product X := Xi x X2. With pi : X ^ Xi being the canonical projection 
(i — 1,2) the following hold. 

(a) The sheaves C^'"^ , A™ and A™ (m > 1) are compatible with taking 
products, i.e. with Ti. any one of these sheaves we have 

Ux.D ^ pWHx^.Di) P2{'HX2,D2)- 

(h) If Di and D2 are divisors then for all k.m E 1, 

Ox(mKx + kD) = pHOxA-^Kx, + kDi)) ® p*(Ox,(mXx. + kD2)) . 

(c) If Di, D2, are divisors then D is Q-Cartier if and only if Di and D2 are 
Q-Cartier. 

Proof, (b) is obvious on the regular part of X. The sheaves on both sides of (b) are 
reflexive and so are determined by their restrictions to the regular parts, whence 
(b) follows. 

In order to deduce (a), let tt^ : X^ ^ Xi {i — 1, 2) be resolutions of singularities 
such that D'. := nr^{D, U SingX;) are SNC divisors in X'^. The product X' := 
X[ X X2 then provides a resolution of singularities tt : X' ^ X such that D' :— 
TT-^{D using X) ^ X[y.D'2UD[xX'2 is an SNC divisor. Let qr : X' ^ X[ denote 
the canonical projection (i = 1,2). By (b) 

I^X'.D' = ® 92(^x^D^) and ^r^, - g^l^T^^, ) ® 92(4™d' )■ 

±± z z ' I'l 2'2 

Applying tt* and using the Kiinneth formula gives (a) for the cases Ti = and 
H = Using (b) also the remaining two cases follow by taking quotients. 

(c) is an immediate consequence of the fact that for n G N the divisor nD is 
Cartier if and only if uDi and nD2 are Cartier. □ 

For our applications to quasihomogeneous singularities it is important to study 
the behaviour of L™- and L^'^-canonical forms under finite group actions. 

Proposition 1.13. Let G be a finite group acting on a normal complex space Y, 
and let t: : Y —t X :~ Y/G be the canonical morphism onto the orbit space. Let 
D ^ X be an analytic subset and assume that n is unramified in codimension one 
outside E :— 7r^^(Z?)rcd- Then the following hold. 

(a) C^,j, = iT^iC^^Er and Z:^™ = Tr^C^y^^f . 

(b) A^^a = (7r,A??^^)G and A-^j, = {n,A^]j,f . 

(c) If D is a divisor, then 7t*{D) is Q-Cartier if and only if D itself is Q-Cartier. 

Proof. In order to show (a) we may assume that D, and then also E, are Weil 
divisors, see 0. With E' Tr'^{D U SingX), [ij (b) implies that = 
7r,(£™^,)'^ and C'^"^ — 7r*(£y'J^,)'^. As E and E' are equal in codimension 1, (a) 



follows from 1.7 
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(a) implies in particular that 

(1) Ox{m{Kx+D)) = TT^iOy {m{KY + E))f 

(2) OximKx + {m-l)D) = t:^{Oy (mKY + {m ~ 1)E)) 



G 



Indeed, the involved sheaves are reflexive and so it is suflicient to verify the equalities 
on the part where X and Y are both smooth. Now (b) follows from (a) in view of 
(0) and @). The statement of (c) is well known (see e.g., |^). □ 

Recall the following notion. 

Definition 1.14. A morphism of complex spaces n : Y ^ X \s called non- 
degenerate if for every point y eY we have dim^ Y = dim^ 7r^^(7r(y)) + dim7r(j,) X . 

For instance, every finite surjective morphism is non-degenerate. The following 
proposition will be used in the sequel. 

Proposition 1.15. Let tt : {Y,y) —>■ {X,x) be a non-degenerate morphism of nor- 
mal complex space germs, and let D C_ X be a reduced Weil divisor with preimage 
E := 7r^^(Z))i.cd- Then there are (in general non- canonical) injections of Ox,x- 
modules 

(3) m.D). {^Y,E)y 
and 

(4) (A^,z.). {^Y.E)y ■ 

Proof. We restrict ourselves to the proof (||), the other one being similarly. First 
we treat the special case that vr is finite. Pulling back differential forms induces an 
injective map 

(5) TT* : OximKx + (m - 1)D) ^ OyimKy + [m - l)E). 

The analytic sets E and ^^^{D U SingX)iod are equal in codimension 1 and so by 
1.9 (b) for a local section, say, r] of H"{U, Ox{mKx + (m — 1)D)) over some open 
subset U CX 

r) e H"{U,C^£}j) if and only if 7r*(ry) £ H'^in-^U), C^^^). 

Thus (H) induces an injective map as in (^. 

In the general case we can find functions /i, . . . , /d G (^Y,y vanishing at y, where 
d :— dimj, Tr~^{x), such that / := (/i, . . . , fd) restricts to a finite map of germs 
{TT-^{x),y) -> {C'^,0). Thus, letting Z -.^ X x and z := (7r(y),0), we can 
factorize tt into two maps 

7r:(r,y)^(Z,^)^(X,x), 



where tt x / is finite. With Dz := I? x we have (see 1.12 (a)) 
(6) (A?,dJ. = (A^.d)x®Ox,. Oz,., 

Applying the first part of the proof, (H) follows. □ 
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1.3. Logarithmic m-canonical forms versus log canonical, log terminal 
and rational singularities. Recall the following notions. 

Definition 1.16. Let X be a normal complex space and let D be a reduced effec- 
tive Weil divisor on X such that the divisor Kx + -D is Q-Cartier. Let ct : X' — > X 
be a resolution of singularities such that D' = a^^ {DUS'mg X)i.od is an SNC divisor. 
Write 

cr* {Kx + D) = {Kx' +D')-J2 ^'^i '^^^^ fli G Q Vi, 

i 

where the summation is taken over the set of all divisorial irreducible components 
Ei of the exceptional set of the blowup a. (The number Ui is the so called log 
discrepancy of Ei ^ 2.5.3].) One saysQ that the pair (X, D) has 

1. log canonical singularities if a,; > Vi. 

2. log terminal singularitie^ if > Vi for every resolution cr : X' — > X. 

Following |l^ we will simply say that (X, D) is log canonical (Ic, for short) resp., 
log terminal (It, for short). In the case when D is the zero divisor one says that X 
(instead of (X, 0)) has log canonical resp. log terminal singularities. 

3. (Artin [0) X is said to have rational singularities if for a resolution of sin- 
gularities cr : X' — > X the higher direct image sheaves i?V*(C'x), « > 1, 
vanish. 

In the next proposition we recall Kempf 's characterization of rational singular- 
ities in terms of canonical forms. Moreover, we characterize log canonical and log 
terminal singularities in terms of logarithmic m-canonical forms. 

Proposition 1.17. (a) (Kempf ||l|. Prop, on p. 50]) X has rational singularities 
if and only if X is Cohen- Macaulay and C^-^ = Ox{Kx) i-s., = 0. 
Assume further that Kx + D is a Q-Cartier divisor. Then 

(b) (X, D) is Ic if and only if CxD ~ Ox{m{Kx + D)) for all m > 1 or, 
equivalently, d ~ ^■ 

(c) X is It if and only if C^"^ — Ox{rnKx + {m — l)D) for all m > 1 or, 
equivalently, ^ ~ 0. 

Proof, (a) The original result of Kempf (formulated only for algebraic singularities) 
generalizes to the complex analytic setting in view of the fact that the Grauert- 
Riemenschneider vanishing theorem also holds for non-algebraic singularities. 
The latter follows from a more general result of Moriwaki jl^, Thm. 3.2]. 
(b) By assumption k{Kx + -D) is a Cartier divisor for some /c S N. Fix a resolution 
of sing ularities cr : X' ^ X such that D' := a~^{D U SingX)red is an SNC divisor. 



By 1.16, (X, D) is Ic if and only if 



(7) Ox' {<J*{k{Kx + D))) C Ox' iHKx' + D')) . 

Thus for a local section lu of Oxin^iKx +D)) the tensor power oj'^^ pulls back to a 
section a*uj®^ of Ox'{km{Kx'+D')), whence cr*(a;) is a section of Ox'{m{Kx' + 



D')) and so by definition (see 1.5 ) 



Ox im{Kx +D))C for aU m > 1 . 



2See c^. [0, Def. 2.34], ^ Def. 3.5]. 

■^In |]14| these singularities are called purely log terminal. 
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Since C Ox{ni{Kx + D)) (see L7 (b)), the latter means that 



(8) A^^^ = for aU m > 1 . 

Conversely, if A^ ^ — then (|^) holds, proving (b). The proof of (c) is similarly 
and left to the reader. □ 

For further purposes, it is convenient to introduce the following definition. 

Definition 1.18. We will say that the pair {X,D) is L^-log terminal (£^-lt, for 
short) if A^*_^ = Vm > 1. 

Proposition 1.19. Let X he a normal complex space and D be a divisor on X 
such that Sing A" C D. Assume that both Kx and D are Q-Cartier. If {X,D) is 
Ic, then it is L^-lt. 



Proof. Let as above cr : X' ^ AT be a resolution of singularities such that D' 
cr^^ (Z?)i-cd — cr^^ (DUSing Ar)i.cd is an SNC divisor. We need to show that Ox {mK 



X- 



(m — l)D) C C^"]j for all m G N or, equivalently, that for every local section 
uj of Ox {mKx + (m - 1)13) C Ox {m{Kx + D)) the form a*{uj) extends to a 
section in C^, jy,{—D'). By assumption, (||) holds and therefore o-*{uj) gives a 
section in C^, jj,. Choose k such that kD is a Cartier divisor, so that kD is 
locally given on X by one equation, say / = 0. The form uj'^^ is a section in 
Ox {kmKx + k{m, ~ 1)D) = C'^jj{—kD), and so it can be written locally as / • 
for some section 77 in C^jy. Hence (t*(w®'^) = (7*{fr]) — <7*{f) ■ <7*{r]) becomes a 
section of that vanishes along D' . It follows that 7t*{uj) as a section of the 

sheaf £x' d' vanishes along D' as well, which implies the assertion. □ 



Remark 1.20. (1) Thus for pairs {X,D) satisfying the assumptions of 1.19 the 
following inclusions hold: 

(It) C (Ic) C {L^ - It) , 



whereas for I? = by 1.17 (c) we have: 

(It) = {L^ - It) C (Ic) . 

The latter equality is no longer true for pairs {X, D) li D 0. The simplest 
example is given by the union D of two smooth curves on a smooth surface X 
meeting transversally. The pair {X, D) is not It although it is Ic and hence (by 
lTqI) it is L^-lt. 



(2) Using the definition of log canonical forms given in 1.8 one can also char- 
acterize log canonical singularities if D = ^ a^-Di is a Q-divisor with < < 1. 
Moreover, using this characterization one can extend the notion of log canonical 
singularities without requiring that Kx + -D is Q-Cartier. 



Combining 1.9 (c) and 1.17 gives the following corollary. 



Corollary 1.21. Let n : Y —i- X be a proper surjective bimeromorphic morphism 
of connected normal complex spaces and let D ^ X be an analytic subset. Denote 
by E the union of divisorial components of the analytic subset 7r~^(I3 U Sing X) red- 
(a) // (y, E) is Ic then 

Cx.d^^AOy {m{KY+E))). 
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(b) If(Y,E) IS L^-lt then 



^x"h = ^*i^Y {mKy + (m - l)E)) . 



l.L 



From 1.13 and 1.17 we obtain the following corollary. 

Corollary 1.22. Let i: :¥ ^ X ^ Y/G, D C X and E C Y be as m 

a) // (y, E) is L'^-lt then so is {X, D). 

b) If D is a reduced divisor and tt*{Kx + D) is Q-Cartier then the same is true 
for the property 'Ic '. 



The next corollary follows from 1.12| (a),(c) using [TTtI (b). 
Corollary 1.23. Under the assumptions as in 1.1^ if Di, D2 are divisors then 



{X, D) [Xi X X2, Xi X D2 U Di X X2) is Ic (resp., L^-lt) if and only if {Xi,Di) 
and {X2,D2) are Ic (resp., L^-lt). 



The following corollary is an immediate consequence of 1.15 and 1.17. Part (a) 
was shown by Bingener and Storch, whereas part (b) generalizes a result of Ishii 
and KoUar. 

Corollary 1.24. For a non- degenerate surjective morphism of normal complex 
spaces TT : Y X the following hold. 

(a) 1^, 5.7] IfY has rational singularities and X is Cohen- Macaulay, then X has 
also rational singularities. 

(b) (cf. [l0| 1.7. II], 20.3.3]) Let D C_ X be a reduced Weil divisor with preimage 
E := TT-^{D)red- If{y,E) IS L^-lt then so is {X,D). IfKx + D is Q-Cartier, 
then the same holds for the property 'Ic '. 

1.4. Plurigenera of isolated singularities. Let X be a normal complex space. 
Recall the following notions and facts ^ 

Definition 1.25. By |Q , the sections of the sheaf C^"^ over an open subset U C X 
are just the sections in H'^{Urcg, w^' 
an isolated singularity then 



which are locally L^/™ on U. If (X, x) i 



IS 



dm {X, x) = dime 

is the m-th L^ -plurigenus as defined in ]20|] ; here 
X-plurigenera [nSl are given by 



= dime (Ax)r. 
:= OximKx). Similarly, the 



A™(X, x) = dimc Lo^x.L/iJ^xh =dimc(A^) 



1.26. Note that by Kempf's criterion |1.17| , an isolated singularity {X,x) is rational 
if and only if it is Cohen - Macaulay and 6i{X,x) = 0. Moreover, if {X,x) is Q- 
Corensteir^ then by {X,x) is It (resp., Ic) if and only if all plurigenera dm 
(resp. \m)j 'm>l, vanish. 



In analogy with 1.24 we have the following result. 



^Recall [ p^ 1.3-1.4] that {X,x) is Gorenstein iff it is Cohen-Macaulay and the canonical sheaf 
Ldx is invertible at x. It is called Q-Gorenstein if the sheaf u)^^^ is invertible at x for some m G N. 
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Corollary 1.27. //tt : (Y,y) (X^x) is a non-degenerate surjective morphism of 
germs of normal isolated singularities then 

Sm{X,x) < Sm{Y,y) and Xm{X,x) < \m{Y,y) Vm > 1 . 

Moreover, if Amiy Y > diiHj; X then 

6m{X,x) = Xm{X,x) ^0 Vm>l. 



Proof. The first part follows from the inclusions (||) and in 1.15 . To show 



the second assertion, consider a factorization (Y, y) (Z, z) — > {X, x) as in the 



proof of 1.15, Assuming that 6miX,x) ^ 0, by (o) in the proof of loc.cit. the 



module {uj^ /£'^£"^)z = (A™) 2 has infinite dimension and is contained in the finite 
dimensional vector space (a;^'/'^Y™)y = (A™)a- Thus we get a contradiction, and 
so SmiX,x) vanishes. As Am < 6m, the A-plurigenera vanish as well. □ 



2. Logarithmic m-CANONicAL forms on quasihomogeneous varieties 

In this section we show how to compute L™- and L^'™-canonical forms on affine 
varieties with C*-action, and we apply this to characterize different types of singu- 
larities. 

2.1. Graded rings and associated schemes. For the convenience of the reader 
we recall some facts about projective schemes associated to graded rings which will 
be useful in the sequel (see [Q, sect. 2]). 

Notation 2.1. Let K denote a field of characteristic containing all roots of unity. 
Recall that for a finitely generated graded if-algebra A = 0y>o A^ the associated 
projective scheme Proj A is defined by the set of all homogeneous prime ideals p 
of A with A+ 2 P; where A+ = ^j,^qA„ is the augmentation ideal. The scheme 
Proj A is separated and proper over Spec Aq Furthermore, Proj A is covered by 
the affine open subsets 

D+{f ) - D+{fA) := {p e Proj A : / = SpecA(^) , 

where / G is a homogeneous element and := (^/)o denotes the degree zero 
part of the locahzation Af. Denote also V = Spec^ and V* = V\V{A+) (where, 
as usual, V{I) is the zero set of an ideal /, whereas for a homogeneous ideal I C A, 
V+(/) stands for its zero set in Proj A). There is a natural surjective morphism 
V* Proj A. 

The multiplicative group Gm of the field K acts on A via t.a = f^a for t € K* 
and a G A^. If ^ = ylo[^i] is generated as an Ao-algebra by the elements of degree 
1 then V* Proj ^ is a locally trivial Gm-bundle. In general, we have the following 
well known fact. 

Lemma 2.2. Proj ^ = V*/Gm- 

Proof. In lack of a reference we provide the simple argument: V* is covered by the 
Gm-invariant affine open subsets D{f) := Spec Af, where f G Ad with d > 0. As 
the ring of invariants (Af)^'" is just ^(/) = (^/)o we obtain -D+(/) = D{f)/Gm 
and so the lemma follows. □ 
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2.3. To describe the situation more closely, for f £ Ad with d > denote F = 
F{f) — A/(f — 1) resp., Y — Y{f) — Speci^ and consider the honiomorphism of 
graded rings 



Af F[T, T^i] given by a/f i — >a-T 



dcg a — kd 



where F[T,T-^] is graded via F[T,T-'^]o = F and degT = 1. Clearly ^i is degree 
preserving; in particular ^((Ay)o) C F. There is a commutative diagram 



A 



f 



F[T,T^^] 



where i stands for the natural inclusions. 

The cyclic group = {(^) generated by a primitive d-th root of unity C. acts 
(homogeneously) on F[T, T~^]; namely for b = aT^ g F[r, T^^] with a £ A homo- 
geneous we let C.5 = (doga-fc^_ rpj^-g g^j,|-jQj^ restricts to F = F[T,T-i]o; the next 
lemma describes the quotients. 

Lemma 2.4. 2.1-2.2] (a) /i provides isomorphisms Af = F[r,T^^]^'' resp., 
= {Af ){) = F^'^ onto the rings of invariants, and the horizontal arrows (i.e., 
the orbit maps) in the induced commutative diagram 



Spec F[T,T-^]=Y 



D{f) = Spec Af 



/G„ 



SpecF 



Y 



/2 



D+{f)^SpecA^f) 



are cyclic coverings; moreover, /i is an Stale covering, 
(b) Furthermore, /i induces isomorphisms 

{Af)>a^F[Tf' and {Af)<a ^ F[T-^] 
and so it provides ramified cyclic coverings 



Y X 



— 'Spec(A/)>o resp., Y x A]^ — iSpec(A/)<o. 



The following two constructions will be important in our applications below. 

Example 2.5. (Weighted blowup) Let S be an indeterminate of degree —1. Con- 
sider the graded subring 

A:=A[S]>„^^A,S^' 

of the ring ^[5*]. By definition, the weighted blowup of 1^ = Spec A is the scheme 
V' :— Proj A. Note that for every element fS^^ £ A with f G A^ and v > ^ we 
can write (/S"^)" = / • (/"-^S*^"), where deg/"-iS'^" > for n > 0. Therefore 
D+{f S^^ A) C Dj^{f A), and so V is covered by the afRne open subsets Uf :— 
D+{f A) — Specyl(y), where 

A(f)=^{Af)^S'^-{Af)yo=F[Tf'- 

i/>0 
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with T being an indeterminate of degree 1. Thus, L// = (F x Ay)/ Z(j, see 2.4 (b) 



In particular, if Ky is a Q-Cartier divisor then so is Ku^, see 1.13 (c). Notice also 
that the blowup morphism a : V ^ V = Spec A restricted to U f is induced by 
the inclusion A ^ (A/)>o, and that the exceptional divisor E = <t^^{V{A+)) is 
isomorphic to Proj A under the natural morphism V' = Proj A Proj A. 

Example 2.6. (Weighted completion) Let T be an indeterminate with deg T — 1, 
and consider the projective scheme V ~ ProjA[T]. The scheme V — Spec A is 
naturally isomorphic to the afline open subset D+{T) C V as 

A[T]^T)=^A,T-' = A. 

Thus V = VU Dao (where Doa := {T = 0} = Proj A is the 'divisor at infinity') is 
indeed proper over SpecAp; we call V the weighted completion of V. The divisor 
Doo is covered by the afhne open subsets := I?+(/A[T]) ~ Spec(A/)<o with 
/ e Ad, d> Q (indeed, 

A[T\f^ = {Af[T])o = 0(A/)-.T'' - (A/)<o). 



Furthermore, by (b) we have (A/)<o - F[Sf 
indeterminate of degree —1, and again ~ (y x Ajf)/Zci. 

Remark 2.7. If, more generally, A is a graded (but not necessarily positively 
graded) ring, then the above construction provides a partial completion V of V . 



From ^]T-2.4 we obtain the following proposition. 



Proposition 2.8. With the assumptions of 2.1, ifV* = 1^\V^(j4+) is smooth then 
Proj A as well as the weighted blowup ProjA[S']>o, deg S* = —1, have at most 
cyclic quotient singularities. Similarly, the subset V\V^{A^A[T]) of the weighted 
completion V — Proj A[r], degT = 1, has at most cyclic quotient singularities. 

Proof. For a homogeneous element / G Ad, d > 0, the morphism 
fj.:Y X Grn Spec Af = V\Df C V* 



isetale(see 2.4 (a)), and so y = Spec F is smooth. Hence Spec A^j) = Spec(F^'') — 
Y/Zd has at most cyclic quotient singularities. As Proj A is covered by the afRne 
open subsets D^{f) = SpecA^^), this scheme has at most cyclic quotient singular- 
ities as well. The proof of the remaining cases is similarly using the descriptions of 



affine open coverings given in 2.5 and 2.6. □ 



2.2. Characterizing log canonical forms in terms of gradings. We fix the 

following notation. 

Notation 2.9. Let now K = C, and let A be a normal C-algebra of finite type with 
a grading A — 0y>g A^, (which corresponds to a C*-action on A via t.a = t^'^^°-a, 
where t d C* and a G A is homogeneous). In the sequel such an affine variety V = 
Spec A with C*-action will be referred to as a quasihomogeneous variety (indeed, 

there is a closed affine embedding V ^ C" given by a set of homogeneous generators 
of A and equivariant with respect to a diagonal C*-action on C"). Note that the 
vertex set V{A+) is just the fixed point set of the C*-action on V. 
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Fix a C*-invariant divisor D on V . In the next theorem we compute the A- 
modules 

LX^:=H^{V,C^^^) and i^;^ := 4™ ) 

as submodules of 

H\V\0{;^o) respectively H\V\C\}"i,), 

where as before V* — V\V{A+). Note that aU these modules have an induced 
C*-action and so they carry natural gradings. 

Theorem 2.10. IfV~ Spec A with A = ®^>o *s a normal quasihomogeneous 
variety and D <Z V is a <C* -invariant divisor containing the divisorial part 0/^(^4-) 
then 

(9) L2d^H'{V*,C^,d)>o and L^™ = 4'S)>o ■ 

2.11. Observe first that if B := (A/)>o with / G A^ homogeneous, then (i?/)>o = 
B. Bearing this in mind we start with the following special case. 



Lemma 2.12. With the notation and assumptions as in 2.1L, suppose furthermore 
that there is an element f £ A^, d> 0, such that A = {Af)>o. Then V* — Spec Ay, 
and ^ holds, i.e. 

La,d = {L'Xj^D*)>o and L^'J, = (^a™_D')>o 
with D* := DDV*. 



Proof. As in 2.4, consider the homogeneous homomorphism 

H:A^{Af)>o — > F[T] with a//'^ 1 — , a . T'^<=g"-'ife^ 

where T is an indeterminate with deg T — 1 and a is the residue class of a in _F = 
A/{f — 1). By 2.4 this homomorphism induces an etale morphism — > F[T, T^^], 
and 

Aj ^ F[T, T'^f^ , A = (Af)>o ^ FiTf" , {Af)+ = TF[Tf^ 

with Zc( := Jj/dZi. Geometrically this means that, with Y = Spec-F, the morphism 

: y X C ^ y = Spec A 

gives a cyclic covering (whence V = {Y x 'C)/ljd) non-ramified off ^~^{V{A+)) = 
Y X {0}, so that the restriction 

^|yxc- -.YxC* ^V*^ V\V{A+) = Spec A/ 

is an etale covering. 

To compute i™^) as a graded submodulc of i™^ , notice first that by 1.12 (a) 

Tin ^ Tin T™- 

F[T],D ^ ^F,DnY ^C[T],{0}^ 

where 

D := ^-\D) ^ {D nY) X CliY X {0} CY X C 
(note that by our assumptions ^(^1+) is a divisor contained in D). The mod- 
ule iq-p] |Q} is equal to C[T] • {dT/T)®^ and so it embeds into iqTT-i] 
submodule of elements of degree > 0. It follows that 

Tin r ™ ^ 

F[T],D ^ F[T,T-^UDnY)y.C-' )>fi ■ 
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Taking invariants with respect to and using 1.13 (a) we obtain that 



(i™^. ^.)>o. The proof of the equahty L^^^ = (i^™£).)>o is similarly using the 



fact that Lf^^rp^ {0} 



is generated by T{dT/Tf 



□ 



Proof of Theorem 2. 1 4 L et S be an indeterminate with deg S = —1. Consider the 
weighted blowup (see 2.5) 



a-.V :=Proj(A[5]>o)^y 
with exceptional divisor E C V' , and denote D' := cr~^(D)rcdUi? C V' . According 



to 



1.9 



(c) H°[V' , Cyi jj,) = and so we need to show that 



HO(y',/:^?,,^,) = ^f°(^*,>c^.D)> 



>0 ■ 



By |2.5| the affine open subsets 

Uf = D+ifA) = Spec(^/)>o C V' 

with / e A+ homogeneous form a covering of V' . If a; e _ff"(l/*,£y^) is a 
homogeneous form, then a* (uj) belongs to H'-\V',£y, if and only if, for all / 
as above, the form oj\D{f) G DnD{f) (where D{f) ^ SpecAf C V* , see 2.2 ) 



extends to a form in L 



{Af)>„,DnUf- 



As by |1T| and 



^ m ^ ( T rn \ 

'iAf)>o:DnUf - y-Af,DnDU)) 



the result for L™-forms follows. The proof in the case of L^'™-forms is analogously 



and left to the reader. 



□ 



2.13. In the next proposition we give a dual version of 2.10 which allows to control 
the and ^C^'^-forms at infinity (this will be useful later on, see [l25| ). With 
the assumptions as in 2.10| , consider the weighted completion V ~ Proj A\T\ with 
degT = 1 (see U). The subset V^o V'\V+(A+A[T]) contains the divisor at 
infinity Dqo — Proj A of V . Let D denote the union D U I?oo- 



Proposition 2.14. With the above notation we have 

Proof. The variety Voo is covered by the affine open subsets U-^ = Spec(^/)<o, 
where / G A+ is homogeneous (see 2.6). Applying 2.12 to (A/)<o with the grading 
reversed we obtain 



L 



(A^)<o,B - i^Af,D)<0 and = y^Af,D)<o ■ 



- 2,m ( T 

\Af)^a,D = ^^Af.' 



Now we can proceed as in the proof of ^.10 : we leave the details to the reader. □ 
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2.3. Log terminal and log canonical singularities of quasihomogeneous 



varieties. With the notations as in 2.£ , let uja 
module of A and let 



Ov{Kv)) be the dualizing 



j^"l(fcZ3) := H^{V, OvimKv + kD)). 



We have seen in L7 (b) that i™^) and Lj^ are in a natural way submodules of 
iJ-'^\mD) resp. iJ-^\[m — 1)1?). In the next theorem we identify the modules 

K!l,D--^ii\y.^lD) and ■-= ii\y . ,d) 

with certain graded pieces of w|^"'(mD) resp. a;|^"'((m — 1)-D). 

Theorem 2.15. With the notation and assumptions as in 2.1(\ the following hold. 

(a) If{V*,D*) is Ic then 

La.d ^ ^a'H^D)>o and A^d ^ (mD)^o ■ 

(b) Similarly, if{V*,D*) isL'^-ltthen 

L^™ =4"l((m-l)i?)>o and A^z, - 4"' ((m - l)i?)<o . 

(c) If {V* , D*) is Ic, respectively L^-lt then so is the weighted blowup (V' , D') (see 



2.t). 



Proof, (a) Observe that in virtue of 1.17 (b) A™. ^. = or, equivalently, Cy- u* 
Ov {m{Kv + D*)). Hence |]l^ implies that 



m 



>0- 



The module on the right contains H'^{V,Ov{m{Kv+D)))>Q ~ u)-^\niD)>Q, and by 
1.7 (b) iJ-^\mD) contains i™^) whence {iJ-'^\mD))>{) contains L^^ d — (^™d)>o- 



Thus L''^ jj and lu ^ {mD)>Q are equal, as required. The proof of (b) is similarly 

and left to the reader. 

In order to show (c) consider first the special case treated in ^.12| so that A = 
(A/)>o. Then Uf = D+{fA) = Spec (A/)>o = V and (y\uf = id, whence V = V = 
{ Y X C )/Zrf (see 2.4 (b)). If {V*,D*) is Ic then (with the notation as in the proof 
of 2.12) the etale covering 

(y X £\^l-^{D n v*)) = {y x c*, {DnY)x c*) 



of (y* is also Ic. By |1.12| (F, Dny) is Ic and so, applying |1.12| again, (y x C, D) 
(with D ^ (DnY) xCUY X {0} ^ fjr^{D) CY xC) is Ic as weh. As [J-I^yxc-) is 
unramified, the divisor ^*{Kv + D) onY x C is equal to KyxC + D + A( y x |0}) 
for s ome A £ Z; in particular, it is Q-Cartier. Taking quotients and using 1.13| and 
lTtI (b) we deduce that (V, D) = {V , D') is also Ic. 

The general case follows easily from this with the same reasoning as in the proof 
of 2.10. The proof in the L^-lt case is similarly and left to the reader. □ 



Corollary 2.16. With the assumptions as in 2. It, the following hold. 
(a) // {V* , D*) is Ic and Ky + D is Q-Cartier then (V, D) is Ic if and only if 



A 



A.D 



:w^"l(mi:>)<o = Vto>1 
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(b) // (y*,D*) is L^-lt then {V, D) is L^-lt if and only if 



A 



A,D 



\{m-l)D)<a = Vto>1, 



(c) (Q) // V* has rational singularities and V is Cohen- Macaulay then V has 
rational singularities if and only if {(jJa)<o — 0. 

Proof. As the coherent sheaves A™ resp., A™^ on the affine variety V are globally 
generated, under the assumptions of (a) resp., (b) they vanish. Now (a) and (b) 
follow immediately from 2.15 (a), (b) and 1.17 (b)- 1.18|. To prove (c) observe that 
LJA = H"{V, OviKv)). Thus (c) is a consequence of ^.15| (b) and (a). □ 



2.17. Assume now that uja is a free ^-module so that 

UJA ^ A[Na] 

for some Na £ Z (where as usual A[N] is the module A equipped with the new 
grading A[Af]i := Ai+N)- Note that by the homogeneous version of Nakayama's 
lemma this assumption is satisfied if, for instance, A is a Gorenstein ring and 
is a local ring. If moreover D is given by a homogeneous equation of degree d then 

H°{V, Ov{m{Kv + D))) ^ A[m{NA + d)] and 

OvimKv + (m - l)D)) ^ A[mNA + (m - l)d] . 

From p. 16 we obtain the following characterizations. 



Corollary 2.18. Let {A, D) be as in 2.1L. If loa — A[Na] and D is given by a 
homogeneous equation of degree d then the following hold. 

(a) // {V*,D*) IS Ic then {V, D) is Ic if and only ifNA + d<0. 

(b) // {V*,D*) IS L'^-lt then {V, D) is L'^-lt if and only if d > and Na + d < 
or d = and Na < 0. 

(c) Q // V* has rational singularities and A is Cohen- Macaulay then V has 
rational singularities if and only if Na < 0. 



Example 2.19. In particular, let V — Spec^ be a normal complete intersection 
of dimension n given in C"^'' by polynomials pi, . . . ,Ps G C"^'* which are quasiho- 
mogeneous of degrees c?i, . . . , ds with respect to weights Wj > 0, j — 1, . . . , ti + s, 
so that 

It is well known (see e.g. p.42]) that A is Gorenstein (whence Cohen-Macaulay) 
and 

s n+s 

(10) UJA = A[Na] with Na{^ Nv) := Y^'^^'Y. '"^ ' 

1=1 j=i 



Example 2.20. As a concrete example, consider the polynomial a;°y'' + u'' + u'^ = 
with a, 6, c, c? > 2. It is weighted homogeneous of degree abc with weights, say, 
dega; = 6c, degy = 0, degv = ab and degu = ac. The associated quasihomogeneous 
variety V = {p = 0} C has singularities only along the x- and y-axes. By ^.1S| the 
singularities along the a;-axis off the origin are log canonical iff 1/6+1 /c+l/d> 1; 
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they are rational and, moreover, log terminal ifFl/6+l/c+l/(i> 1 (indeed, locally 
near a point (xq, 0, 0, 0) G V* with xq =/= the mapping 

V 9 {x, y, u, v) I — > (a;, x°-/'^y, u,v)eV := {y'^ + u'' + = 0} C 

is well defined and biholomorphic). Letting D be the divisor {x = 0} it follows that 
(y, D) is Ic if and only ii l/b+l/c> 1. Moreover the singularities of V are rational 
(and log terminal) if and only ifl/a+l/6+l/c> 1 and l/6+l/c+l/c?>l. 

As another example we study varieties that are given by the maximal PfafHans 
of a skew symmetric matrix (cf. |^). 

Example 2.21. Let R = ©j>Q Ri be a finitely generated graded C-algebra which 
is Gorenstein with ujr = R[Nii]. Consider a skew symmetric (2n + 1) x (2n + 1)- 
matrix (a^) of homogeneous elements of R and assume that dega.y — di + dj — N , 
where N and di, 1 < i < 2n + 1, are positive integers satisfying J^i — nN. The 
maximal Pfaffians generate a homogeneous ideal, say, / of R. Assume that the 
quotient A := R/I has dimension dim R — 3. Then by |^ the minimal resolution of 
A has the form 

2ji+l 2n+l 

^ Rl-N] ^ R[-N + dj] ^R^A^O. 

3=1 »=1 

Taking 'Ey±R{— .ojn) of this sequence it follows that uja — A[Na\ with Na ■= 
N + Nji. Hence 2.18 applies in this situation. 

2.4. Plurigenera of quasihomogeneous singularities. The results above pro- 
vide the following explicit formulas for the plurigenera of isolated singularities of 
quasihomogeneous varieties, where as usual denotes the reflexive hull of the 
module w®'" of Kahlerian m-differentials on A. 

Proposition 2.22. Let A ~ ©j/>o ^i' normal <C-algebra of finite type and 

assume that the corresponding affine variety V = Spec A has dim V > 2 and at 
most isolated singularities. Then the following hold. 

(a) If Aq 7^ C (in particular, ifV has at least two singular points) then Sm{V,p) — 
Xm{V,p) — for all m > 1 and p G SingT^. 

(b) If Aq = C and V has a unique singular point p then for every m > 1 we have 



^miV,p) = dime {^A^^)<o and Xm(V,p) = dime (w^T') 



<o • 



Proof, (a) Let D denote the divisorial part of V{A^). Using 1.11 resp. 2.15 (b) we 
have an inclusion 

C AI^ = (c.^"l)((m-l)i?)<o. 

By our assumption, dime oo. Since {u!^^^){{m — 1)D) is a torsion-free Aq- 

module, its Ao-submodule A™ is also torsion- free over Aq, and so either A™ ~ 
or dime A™ = oo. On the other hand, 

dimeA^J^ ^ 5^{V,p)<^. 

pSSingy 

It follows that A^ = 0, and so Sm{V,p) vanishes for all to > 1 and p e SingF. 
Consequently XmiV,p) — 0, and (a) follows. 
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(b) Since by our assumption V+ — Spec^o = {p} and so divF+ = 0, by 2.15 
(a), (b) (with D = 0) we have 

A'2^{Jf)<, and A^^{Jf)<o- 
Therefore (since p is the unique singular point of V) we obtain 

SmiV,p)^ Sm iV,x)= dime = dime (t^i^"' ) <o , 

aesingy 

and similarly Xm(y,p) — dime {'-^^A^^)<a, proving (b). □ 



Example 2.23. Let V — Specy4 be a complete intersection as in 2.19 and assume 
moreover that V has an isolated singularity at the origin G As ajj^ = A[Nji] 

we have — A[mNA\- Now 2.22| (a) implies the result of |l^ which says that 

Sm = dim ^ Ai+„iNA and A,„ = dim ^ Ai+mNA ■ 

i<0 i<0 

2.5. Log-Kodaira dimension of quasihomogeneous varieties. Recall the fol- 
lowing notions. 

Definition 2.24. (|] Let be a smooth quasi-projective variety, and let V be 
a smooth compactification of V by an SNC divisor D — V\V. The logarithmic 
plurigenera pm{V) are defined by 

PmiV) - dim H^{V, Oy{m{Ky + D))) , m > 1. 

The logarithmic Kodaira dimension k (V) of V is 

J -oo if pmiV)=0 VmeN 

min{fc e N : hmsupp,„(y)/m'' < oo} otherwise. 

m — ^oo 

Taking the intersection of the modules in 2.10| (or 2.15) and 2.14 we obtain the 
following proposition. 

Proposition 2.25. Let A = ©j>Q be a normal graded C-algebra of finite type 
with Aq ~ C (so that V{A^) — {p}) and let V — Spec^ be the corresponding 
quasihomogeneous variety. If D is a homogeneous reduced divisor on V then 

Pm{V\{D U Singy)) = Aiin{L2D)o ■ 

In particular, k{V\{D U Singy)) = ~oo if and only if (i™£))o — for all ni > 1. 

Summarizing the preceding results gives the following theorem. 



Theorem 2.26. With the assumptions as in 2.26 above, suppose in addition that 
the divisor D is given by a homogeneous equation of degree d and that the pair 
iV*,D*) IS Ic (where as before, V* := V\{p} and D* = D\{p} with {p} = V{A+) 
being the vertex ofV). Then the following hold. 

(a) pUV\{D U SingF)) - dim {uo^^^Ud ■ 

(b) // moreover V has an isolated singularity at p, then kiV*) = — oo if and only 
if (w|^')o = for all m > 1 or, equivalently, if and only if Srn{V, p) — for 
all m > 1 . 
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(c) Suppose that Ky is a Q-Cartier divisor, so that for a certain toq > 1 we have 
^No] ^j^] ^j^^ g^^g N eZ. Then 

{-oo if N + mod < 
if iV + mad = 

dim V -1 if N + m^d > . 

(d) In particular, with the assumptions as in (c) k{V\{D U Sing!/)) < if and 
only if (V, D) has a log canonical singularity at p. If moreover {V,p) is an 
isolated singularity then {V,p) is It if and only if k{V*) = —oo. 



Proof. By 2.15 (a) we have i™^) = [md]>o and so (a) follows from 2.25. Under 



the assumptions as in (b), by 2.25| we have PmiV*) = (a;^')o. Thus the first equiv- 



alence in (b) is an immediate consequence of (a). To show the second equivalence, 
choose a non-zero homogeneous element g G A oi some degree, say k > 0. If 77 is a 
non-zero form of degree s < in w^', then g'^r]'' is a non- vanishing form of degree 
in uj^^'^K In other words, (tj|4"')o = for all m > 1 if and only if ii-^^X^^)<o — for 



all m > 1. In view of 2.22 (a) this proves (b). 

In order to deduce (c) notice that (in virtue of (a)) 

p„,iV\iD U Sing V)) = {J^"'°\„,„d = AkiN+mod) = for aU A; > 1 

if and only if TV -|- mod < 0. In the case N + mod = we have {uj^^"^°^)kmod = 
Ao = C for all /c > 1. If TV -I- mod > then we may choose a number r such 
that dim (a;|['^'""')rfcmo(i = dim Arfc(7V+morf) grows asymptotically like fc^imA-i _ 
^dimProj (J) follows from |l26| and (a) above. □ 



Remark 2.27. Let V = Spec^ be a normal quasihomogeneous variety with a 
vertex set Vo = Spec^o of positive dimension (that is, Aq ^ C). UV has isolated 
singularities then k{V\SmgV) — —00 (cf. p. 22 (b)). Indeed, the general fibre of 



the canonical projection 5 : V — > Vq is a smooth quasihomogeneous variety with a 
vertex set of dimension 0, whence it is isomorphic to C*^ for some fc > (see e.g., 

m 8.5]). 

Corollary 2.28. Let A := C[Xi, . . . , JV„+s]/(pi, ■ • ■ ,Ps) be a norm al qua sihomo- 
geneous complete intersection with weights Wi, . . . ,w„j^g > (see 2.1!\) . With 



V = Spec A being the associated affine variety and D being a homogeneous degree 
d divisor on V , we have 

( -00 if iV^ + d < 

fc(T/\(i:)USingV^)) = <^ \i NA + d = Q 

[ dim y - 1 if NA + d>Q. 

Proof. As the weights are all positive we have Ao — moreover loa = A[Na\ (see 

~0|) in 2.19| ), and so ^.26| (c) (with toq — 1) applies. □ 
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